Combinatorics, 2016 Fall, USTC
Week 15, Dec 13 & 15

Applications of Linear Algebra

While the probabilistic method is usually useful to construct examples
(by randomness) and obtain lower bounds, a common application of linear
algebra is to prove an upper bound, where we show that objects satisfying
certain properties cannot be too large. To do so, usually we place the objects
by vectors in a linear space of a certain dimension, and we show the vectors
are linearly independent. Thus, the number of objects is at least the number

of dimension.

Odd/Even-town

A town has n residents. They want to form some clubs according to the

following rules:

(i) Each club has an odd number of members.

(ii) Every 2 clubs must share an even number of members.
Question. How many clubs can they form?
Examples. (a) A; = {i} for i € [n] = n clubs.

(b) n =even, A; = [n]\ {i} = n clubs.

(¢) n=even, A; = [n|\{1}, A2 = [n]\{2}, 4; ={1,2,i} fori € {3,....,.n} =

n clubs.
Theorem 1 (Odd/Even-town). Let .F C 2" be a family satisfying:
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(i) |A| is odd for all A € F,
(i) |AN B| is even, for all A# B € %#. Then |F| < n.
Proof. For all A € %, define 1,4 to be the vector in Fy = {0,1}", s.t.
1, ificA

14(7) =
0, ifigA,

where Fy is viewed as a finite field. Then, the conditions become

14-14=1, VA e
(1)
14-15=0, VA#BEy

Let |.%| = m, so we have m vectors satisfying (1). Next we show all such
vectors in I} are linearly independent.

Let ag € {0,1}, s, Y, 5 aly = 0.
:>VA€§, 14- (ZaAlA> =0-14=0=ay =0.
AeF

This shows that {14 : A € .Z} is linearly independent. Thus |%#| = m < #
|

dimension in F3 = n.

Even/Odd-town
Let . % C 2" be s.t.:

(i) |A| =even, for all A € .F,
(ii) |AN B| =odd, for all A # B € .Z.
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Fact 1: Such || <n+ 1.

Proof. Adding a new element n + 1 to each set A € .% to get a new family
F*. It is easy to see .F* satisfies Odd/Even-town condition. So |[Z| =

| F* | <n+1 |
Theorem 2 (Even/Odd-town). Such |Z#| < n.

Proof. Tt suffices to prove that |.Z| # n+ 1. Suppose for a contradiction that
| #| =n+ 1. For each A € #, define 1,4 € F4 as before. So we have n + 1
vectors in an n-dimension space. Thus, they must be linearly dependent, i.e.

Jas € {0,1} (not all zeros), s.t. Y- 4.7 @aly = 0. We also have

14-1,=0, VAe F

14-15=1, VA#DBe Z.

Then for each B € %,

020132 (ZaAlA> '1B:ZOéA.
A

A#B

This shows that all ag’s are equal. Because not all ag’s are zeros, we have
ap = 1 for each B € .%.

=S 1,=0 (3)
AeF

=n=> ,,p0a=0=niseven
Consider ¢ = {A°: A € Z} we will see that .#¢ also has Even/Odd

condition.
o |A°| =n —|A| is even, for all A € Z.
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o |[A°NB°l=n—||[AUB|=n—-(|Al+|B| —|AN BJ) is odd, for all
A+4BeZ.

Repeating the previous proof, we can get

> 1u=0. (4)

AeF

Now (3)+(4) we get 0 = >, »(1g+14) = (n+1)1 =1 as n is even, a

contradiction. ]

Even/Even-town

Let .Z C 2" be s.t.:

(i) |A| =even, for all A € .7,
(ii) |AN B| =even, for all A # B € .Z.
Then |.7| < 27/2.

Fisher’s Inequality

Theorem 3 (Fisher’s Inequality). Let .# C 2 be s.t. for some fived k,
|ANB| =k, forall A# B € .%. Then, |#| <n.

Proof. For each A € .7, define 1, as before (over R). = VA B € 7,
14 -1, = k. Again, we want to show 14’s are linearly independent over R™.

Let Y 4cp aals =0, where oy € R. Then

0= (Z O-’A]-A> . <Z OZA1A> = ZailA-lA%— ZaAozglA-lB

AeF AcF AcF A#£B



:Zaimuk.ZaAaB:k(ZaA) + > (Al —k) >0,

AesF A#B AeF AeF
where the last inequality holds because each A is of size at least k. Moreover,
we know there is at most one set A of size exactly k.
From this, we see it must be an equality, i.e. Y, > a4 =0 and o (JA] —
k) =0 for all A € Z. Let A* be the unique set (if exist) of size k. So for
each A € 7\ {A*}, ay =0. But ), as = 0. This shows ay- = 0. so all

ay’s are 0. = |.Z| < # dimension = n. |

Lemma 4. Suppose P is a set of n points in R2. Then either they are in a

line, or they define at least n lines.

Proof. Let L be the family of all lines defined by P. For each point x; € P,
define L; = {l € L : I passes through z;} C L. Observe that for all i, 7,
|L; N L;| = 1. So this satisfies Fisher’s by viewing [N] = L. In case the

points of P are not in a line, for all 7 # j, L; # L;. By Fisher’s,
n=|P|=+#L.s <N =|L|.

Lemma 5. Let G be a graph whose vertices are triples in ([?) and VA, B €
([?),A ~ Biff [ ANB| =1. Then G doesn’t have any clique or independent
set of size k+1.

Corollary 6. R(k+1,k+1) > (¥)

Remark. This gives us an explicit construction for R(k-+1k+1).
This bound is much weaker than previous R(k + 1,k + 1) > ¢ k22.
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Proof. Consider the maximum clique of G, say Ay, As, ..., A, € ([g]) with
|A; N A =1,V1 <i < j <m. By Fisher’s inequality, m < k.

Consider the maximum independent set of G, say By, B, ..., By,

|B;| =3 is odd

|BiNB;|=0 or 2 1is even

By Odd/Even-town, we have #maximum independent set=t < k. 1

1-Distance Problems

Problem. Given n points in R?, how many pairs of distance 1 can we have?
Theorem 7. There are at most O(n%) pairs at distance 1.

Proof. Define a graph on n points as following: for points a,b, a ~ b iff
d(a,b)=1.
Claim: G is Kj 3-free.

Proof. The neighbors of the point a must lie on the circle with center a and
with radius 1. But any such 2 circles can intersect at most 2 points. This

shows that G is K s-free. |

Njw

#pairs at distance 1=¢(G) < ex(n, Ka3) = O(n

). |

Problem (Erdés). Can one find an example of n point in R? with n!'*™¢ pairs

at distance 1 for ¢>07

Problem. How many points in R” s.t. the distance between any 2 points is
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Theorem 8. There are at most n+1 such points in R™.

Proof. Assume we have m such points in R”. We assume one of them is 0

and let others be vy, va, ..., V;m_1 € R™.

’l)i"()i:||’l)i—0||2:1
e 1
vi‘%':?i?éj
because1:||'vi—'vj||2:||vi||2—|—||vj||2—2vi-'vj:1—|—1—2m-'vj
1
:vi-vj:i
Consider
V1
A= "
Um=1/ o 1)xn
So
1 1
13 2
1 1
aar— |2 2
11
R

(m—1)x(m—1)

Since det(A - AT) #£ 0, = rank(A- AT) =m — 1.
= n > rankA > rank(A- AT) =m — 1

— m<n+1.



2-Distance Problems

Definition 9. A 2-distance set is a set of points in R™ whose pairwise distance

is either ¢ or d for some c,d>0.

Instead of considering vectors, one also can define certain polynomials, as

polynomials of certain degree also form a vector space.

Lemma 10. Let f; : Q — % be polynomials for i=1,2,....n. If Jv; € Q for
1=1,2,...,n s.t.

filvi) #0, Vi

fi(vj> = O, v,] <1
then fi, fa, ..., fn are linear independent over F.

Theorem 11. Any 2-distance set in R™ has at most 3(n+ 1)(n + 4) points.

Proof. Let A C R™ be such a set with distances ¢ > 0, d > 0. Let A =

{ay,as,...,a,,}. For Vi € [m], let fi(z) = (|| — a;||* — ) (|| — a;]|* — d?)

fila;) = d® #0
filaz) = (lla; — ai||* — ) (||la; — ail|* = d?) =0, Vj#i

=

By lemma, we see fi, fo, ..., fin are linearly independent. We want to

bound the dimension of "some vector space" which contains all polynomials
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Note that
filz) = (Z(%’ - az‘)2 - CQ)(Z(%‘ - a,-)Q - d2)
= (Za:f — Qinai +Zaf - 02)(290? — Qinai +Za? —d?)

i

can be expressed as the linear combination of the following:
B = {(Z 73)?, :cj(z x?), vy, vy, 1}

n
2

n(n—1)+3n+2: (n+1)(n+4)

Bl =1
| B| +n+( 5 5

>+n+n+1=
So fi, fa, ..., fm are in the space V spanned by B.

s |A] = m < dim(V) = |B| = <”“)2(”+4).

Remark. This can be extended to 3-distance Problem, even t-distance prob-

lem.

Next, we consider a generalization of Fisher’s inequality.

Definition 12. Let L C {0,1,2,...,n}. We say a family .% c 2" is L-
intersecting, if |[ANB| € L for VA# B € L.

Theorem 13 (Frankl-Wilson, 1981). If.Z is an L-intersecting family in 2/,
L n
then | 7 < Y4 (7).

Proof. Let F = {A1, Ag, ..., A} where |Aj] < |Ay] < -+ < |A,|. For



i € [m], let fi(x) in R™ by

fim) = ] (® 14 -0.

leL,l<|A;|

So fi(x) is a polynomial with n variables and with degree< |L|.

Note that fi(1a,) = [Liepcpa, (14il = 1) # 0.

Claim: For j<i,

faa)= T (4nal-n=o

lELI<|A;]

Since .# is L-intersecting and |A;| < |A;]. I = |A; N A;| < Al
(To be continued.)
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